Abstracf-A new method for locking the longitudinal modes of a laser resonator and generating ultrashort pulses of light is described. The cavity modes are coupled together when a medium with a refractive index nonlinearity is placed in the cavity.
INTRODUCTION
T HE OUTPUT electric field of a laser is equal to the sum of the electric fields of the individual modes of the cavity that are amplified by the laser medium, i.e., whose frequencies lie within the gain linewidth AvG of the amplifying transition.
In the normal mode of oscillation of a laser (no perturbation inside the cavity), the phases of the modes are random and uncorrelated, and the output intensity is fluctuating randomly in time around its mean value N I , where N is the number of oscillating cavity modes and is the average mode intensity.
It has been shown [1]- [3] that if the losses of the laser cavity are modulated at a frequency equal to the intermode spacing frequency c/2L (L is the length of the cavity), mode locking results and the output of the laser consists of a continuous train of pulses that have the following properties.
1) The pulsewidth is equal t o the reciprocal of the gain linewidth l/Avff. 2) The pulses are separated in time by the double transit time of the light inside the cavity 2L/c.
3) The peak power is equal to N times the average power of the laser where N is the number of coupled modes.
Using internal modulators, ultrashort pulses have been obtained in continuous-wave gas lasers [a] (with a width of 2.5 X second) and solid-state lasers [3] (8 X lo-" second) with a pulsewidth approaching the theoretical value l/Avff. Internal modulators have also been used to generate ultrashort pulses in pulsed solid-state lasers where the duration of the pulsing (-1 ps) is larger than the modulating period [4] , [5] . The observed pulsewidths were 2 X second for ruby and 0.5 X lo-* second for
Nd: glass, while the theoretical values are, respectively, lo-'' second and 4 X second, indicating that the whole linewidth is either not fully mode locked, or that the frequency is swept.
An increase in the output power of solid-state lasers has been obtained by the technique of & switching [6] .
The output of a non-mode-locked &-switched solid-state laser consists typically of a pulse of 10-50 X lo-' second with a peak power of up to a few hundred megawatts. In these lasers, mode locking has been obtained by inserting a saturable absorber inside the cavity [7] , [81. A saturable absorber is an element whose optical transmission is an increasing function of the intensity of the incident beam. Pulses whose duration is -10-l' second as short in ruby lasers and -second in Nd:glass lasers with peak intensities in excess of lo9 watts have been observed by using this technique.
I n this paper we analyze a new method 191, [lo] for generating high-intensity picosecond pulses in &-switched solid-state lasers. We show theoretically that the introduction of a refractive index nonlinearity inside a laser resonator gives rise to a mode-locked spectrum, characteristic of the ultrashort pulse mode of oscillation. The nonlinearities we consider are provided by liquids consisting of anisotropic uniaxial molecules. These molecules, of which nitrobenzene and CS, are two representative examples, have different polarizabilities along their axis of symmetry and along any other axis perpendicular to it. We call these polarizabilities all and aL respectively. A linearly polarized electric field applied t o such a liquid induces a nonlinear polarization in the medium that is proportional to the difference (al1 -a*) and t o the cube of the electric field and therefore produces a change in the dielectric constant of the medium proportional to the square of the electric field. When a liquid with anisotropic molecules is placed inside a laser resonator where the optical electric fields are large enough to produce an appreciable change of the dielectric constant, it couples the longitudinal modes of the resonator together in the following way. Let us assume that three modes of the resonator (0), (+l), and (-1) oscillate with their respective frequencies oo, o,, + Q, oo -Q. Q is the radian
The two modes (0) and (+ l), for example, induce a change in the dielectric constant of the liquid Ae EoEl, where E, and E, are the electric fields of the two modes.
Thus Ae has a component oscillating at the frequency (coo + €2) -wo = a. The mode (-l), incident upon the liquid, "sees" a modulation of the dielectric constant a t frequency €2, which causes the generation of sideband frequencies at (wo -€2) + ma, m = fl, f 2 , . . . . As an example, the sideband at (coo -a) + Q = coo coincides in frequency with mode (0). The effect of the nonlinearity Ae cc E2 is thus seen to be one of coupling modes together, i.e., introducing unique relationships between the amplitudes and the phases of the modes.
We present below a detailed theoretical analysis of the intuitive picture described in the last paragraph. The results of an experimental investigation have been reported elsewhere [9] , [lo] .
The third-order nonlinear polarization induced in the laser cavity by the anisotropic molecular liquid is expressed in terms of the parameters of the liquid as a triple summation over the cavity modes. Maxwell's equations with the nonlinear polarization acting as a driving term are then used to find a differential equation obeyed by the modes' amplitudes. A steady-state self-consistent solution is found. This solution applies to practical experimental situations only if sufficient energy exchange takes place between the modes in a time shorter than the duration of a &-switched pulse. The energy exchange time constant T o is calculated in terms of the parameters of the liquid and of a given laser system. We find that under reasonable experimental situations T o can be made short enough so that mode locking can take place during the duration -10-30 X lo-' second of a typical &-switched laser pulse. The quantity s determines the average deviation of the orientation of anisotropic molecules from a purely random orientation. s is the first diagonal element of the anisotropy tensor [ll] . From (2) and (3) we obtain
4'
The anisotropy tensor element s can be shown to obey the following differential equation
where E is the linearly polarized electric field. r is the time constant with which the molecules regain their random orientation after the electric field has been turned off. It is often called the Debye relaxation time [12] or the orientational relaxation time. X can be shown by a simple thermal equilibrium argument [Ill to be given by x = -1 (.Il l -%).
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where 0 is the angle between the direction of the electric field and the axis of symmetry of the molecule (see Fig. 1 ).
The average induced dipole moment of one anisotropic molecule is found by replacing cos2 e by its statistical average (cos2 e} taken over the ensemble of molecules
In the absence of any electric field, all the orientations of the molecular axis of symmetry are equally probable and (cos2 e) = 5. In the presence of a strong electric field, the molecules tend to align with their axes parallel to the field direction and (cos' e) is different from +. We write
Normal M o d e Formalism
I n order to describe the mode spectrum of the laser resonator, we introduce a set of orthonormal electric and magnetic vector functions EB(r) and H,(r) as defined by Slater [13] , [14] . They are related by the following relationships:
where k, is a constant and n is the index mode number.
According to (6) and (7), they satisfy the following differential equations:
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and they are defined so as to obey the normalization conditions
The above integrations are performed over the total volume of the cavity.
We express the total electric field E(r, t ) (here we go over to a scalar notation appropriate for TEM-like optical resonator modes), and the total magnetic field H(r, t)
inside the cavity as V where w, is defined by k n = a n 6 (12) and where E,(r) and H,(r) are the electric and magnetic scalar functions defined above. The summation is performed over the total number of modes of the cavity. eo and po are the dielectric constant and the permeability of the medium filling the cavity. p,(t) and qn(t) are unknown functions of time describing the amplitudes and phases of the individual longitudinal cavity modes.
Expression of the Anisotropy Tensor Element s in a Laser Cavity
With the help of the formalism presented above we rewrite the differential equation (5) 
D:(t) is the complex conjugate of D,(t).
The phase and amplitude evolution of mode n is thus contained completely in D*,(t). pa(t) and pb(t) are replaced in ( 
(D$(t)Db(t) exp [i(wo -wb)t] + c.c.). (15)
We look for a solution for s in the following form: We thus find that the average molecular orientation oscillates at integral multiples of the intermode frequency 
Total Nonlinear Polarization
The total average polarization P induced in the anisotropic molecular liquid per unit volume is P = N o ( p z ) where N o is the number of molecules per unit volume and where e2 is the optical Kerr constant expressed in MKS units (y) dV (27) volume of the a n i s o t r w i o l i q u i d is a factor that depends upon the dimensions and the position of the anisotropic liquid inside the laser cavity.
The 
where is the electrical conductivity of the medium. For simplicity, we have assumed that the linear dielectric constant of the liquid is equal to 1. By this procedure we first find a differential equation obeyed by the mode amplitudes D*,(t).
Differential Equation for the Mode Amplitude D,(t) a (23)
We replace the electric field and magnetic field by their expressions (10) and (11) in the first of the Maxwell equations (22). Both sides of the equation are then multiplied by H,(Y) and integrated over the volume of the cavity. With the help of (9) and (12), we find
The first Maxwell equation (22) (14) we can now express q,(t) and then the magnetic field
has provided a relationship between p,(t) and q,(t). According t o (24) and

H(r, t ) in terms of the complex amplitude D*,(t) of the nth cavity mode:
It has been assumed in deriving expression (25) that D,(t) is a very slowly varying function of time compared to e'""l . , w., 
A second relationship between p,(t) and qn(t) is obtained by using (23) in which E , TI, and
D*,(t)Db(t)D:(t)
where only the modes a, b, and c such that
can provide synchronous driving of the oscillation at w,.
The frequency of the nth mode is defined as where we have assumed that the gain provided by the laser medium is equal t o the losses of the cavity (reflection losses at the mirror and diffraction losses), so that the effective conductivity 6 is taken as aero.
The nth cavity mode has the spatial dependence:
where A is the cross section of the beam. The factor S,,,,, is calculated explicitly, using (27), when a liquid cell of length 21 is inserted in an optical cavity of length L at a distance Lo from a mirror that is taken as the origin of the coordinates (see Fig. 2 ):
s~,~, ,
Solution of the Differential Equation for D$(t) (269
We find a solution of the differential equation (31) In (36) we have used the fact that the total electromagnetic energy ET stored in the cavity can be expressed according to (9) - (11), (14) , (25) 
(34)
In order to specify the values of p and m over which the summations in (34) are performed, we discuss in some detail the mechanism of power exchange between modes. The above equation describes the coupling between four modes labeled n, n + p , n + m + p , and n + m. The susceptibility for this coupling is x = e,/
(1 -ips2r). We can write the susceptibility x as a real part x' plus an imaginary part +ixt'. The transfer of energy between the modes n and n + p is proportional
The rate at which energy is transferred into one mode via another mode separated in frequency by pQ is thus pro-
portional to the function f(p/mo) = (p/mo)/[l + (~/ m~)~]
where ma = l/Qr. This function has a maximum for p = m, and decreases to zero for p > ma. We neglect the interaction of the nth mode with the n + pth mode when p > 2m0; the summation over p is then limited to -2m0 and 2m0. We label N1 and N 2 the lowest and highest frequency modes of the gain linewidth; the total number of modes is N = N2 -N , . We look for a solution of (34) in the form
where p(t) and @(t) are real functions of time. I n this assumed form the cavity modes have the same amplitude p(t) and the phase difference between two adjacent modes is the same for all the modes and is equal to @(t). We substitute for D: and 0, in (34) their expressions (35), and perform the summations with the limits described The last term in the parentheses on the right-hand side of (36) is roughly equal to 1 / N times the sum of the first two terms. Since N is very large, it can be neglected and we write (37)
The right-hand side of (37) is purely imaginary. Therefore dp(t)/dt = 0 and p(t) = /3 = constant. The amplitudes of the cavity modes are constant in time and a solution of (37) is the following:
Therefore the presence of an anisotropic molecular liquid inside a laser resonator gives rise to a mode-locked spectrum of equal amplitudes and zero phases. The term inside the parenthesis in the exponential represents frequency pulling. It is easy t o show that a solution in the form of (38) results even for an arbitrary placement of the cell within the resonator. The time envelope E(t) (En D",(t) exp (io,$) + c.c.), where is given by (38), consists of a train of ultrashort laser pulses of very high intensity. These pulses are separated in time by the double transit time of the light inside the cavity 2L/c and approach a duration T -(Avo)-' where AvG is the gain linewidth of the amplifying transition [l] . The resonance frequency of the nth mode is slightly pulled from its initial value on by an amount proportional to the stored energy ET.
ENERGY CIRCULATION TIME CONSTANT As a measure of the strength of the mode coupling due to the refractive index nonlinearity, we define a circulation time T o as the exponential time constant for the circulation of the energy in one mode due to its interactions with all others, once phase locking is achieved.
If E, is the energy of the nth mode, then ----.
Calculation of To The rate at which energy is exchanged between modes is proportional to the electromagnetic energy stored per unit volume in the cavity ET/V, to the ratio of the length of the liquid cell to the length of the cavity l/L, t o the optical Kerr constant e2, and inversely proportional to Qr. c2 in (41) is given in MKS units. Using the Kerr constant B0 [15] in esu units, l/To is expressed in the following way:
where X is the wavelength of the solid-state laser and X A is the wavelength of the argon laser used in [ E ] for measuring the optical Kerr constants, X A = 4880 A.
For the following experimental situation-a 5-cm cell containing nitrobenzene (Bo = 2.9 X lo-' esu, r3OO0K = 5 X 10-l' second) and a laser cavity 1 meter long with a beam cross section of 1 cm2 and a total energy of 0.1 joule-we find a circulation time To of the order of 1 ns and, therefore, sufficient energy exchange between cavity modes is expected to take place t o produce efficient mode coupling within the duration of typical &-switched laser pulses (> lo-' second).
DISCUSSION AND CONCLUSION
The important parameters of the anisotropic molecular liquid are its optical Kerr constant e2 and its orientational relaxation time r. The rate of energy exchange as expressed by (41) is proportional t o e2 and inversely proportional to %; therefore, for stronger mode coupling Qr should be as small as possible. However, there is a lower limit t o the possible values of Q T . This is explained by examining the physical significance of this parameter.
The rate at which energy is exchanged between the nth mode and the (n + p)th mode, for example, is proportional to the quantity p Q~/ [ l
which is equal to the imaginary part of the nonlinear susceptibility of an anisotropic molecule in an electric field with radian beat frequency pa. The maximum of this quantity occurs at p = ~/ Q T .
If Qr >> 1, the molecular orientation does not respond to optical envelope variations at frequency Q or higher and the amount of refractive index nonlinearity is too small t o couple the modes together.
If Or = 1, the nth mode exchanges energy principally with adjacent modes. The rate at which it receives energy from higher frequency modes is maximum for the (n+l)th mode and decreases rapidly for the (n + 2), (n + 3) modes, and so on. In order t o couple more modes faster, the relaxation time r of the molecule has to be made shorter so that the molecules respond to more frequency components. But there is a limit t o how short Or should be.
If Qr << 1/N, where N is the total number of oscillating modes, the nth mode is coupled most effectively with modes n + p and n -p where p >> N , so that these modes are outside the gain linewidth. In that case most of the energy is coupled outside the gain linewidth and lost without giving rise to any appreciable coupling between the oscillating modes. In Fig. 3 the function f(pQ7) = p&/1 + ( p Q r ), which is a measure of the mode-coupling strength, is presented for Or = 1, 1/N < Or < 1 and Or < 1/N. For producing strong mode coupling, the relaxation time must be chosen so that The viscosity q is a decreasing function of temperature [16] . It varies as AeB'T where A and B are two, empirically found, constants characteristic of the liquid. The relaxation time r is thus a decreasing function of the temperature. This dependence has been experimentally verified for nitrobenzene by Rank et al. [17] who measured the frequency shift of the stimulated Rayleigh line as a function of temperature from T = 12 t o 117OC.
The relaxation time of the anisotropic molecular liquid can be adjusted by controlling its temperature. For the optimum value of T given above, nitrobenzene with a room temperature relaxation time of 50 X second requires heating, while carbon disulfide with a room temperature relaxation time of second requires cooIing. The dependence of mode locking on the proper value of the molecular orientation time 7 and its manipulation by temperature has been verified experimentally' [9] , [lo] .
One important problem that we have not considered is the following. We have shown that a nonlinear refractive index can give rise to a steady-state mode locking via physical exchange of energy between the longitudinal modes of the laser. What we have not shown, however, is that starting from a nonlocked mode spectrum (i.e., arbitrary phases) the effect of the nonlinearity is to force the phases t o lock. That this may be the case is suggested by the model of pulse steepening in a medium in which the index of refraction increases with the wave intensity [18] . This point is left open and it is hoped that a numerical transient analysis now in progress will help clarify it.
In conclusion, an analysis has been presented that treats the problem of multimode laser oscillation in the presence of a nonlinear dielectric medium. The steadystate laser field corresponds t o mode-locked oscillation of the type giving rise to ultrashort pulses.
